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We study a atomic-molecular model for interspecies photoassociation. A general Hamiltonian
which takes into account the s-wave scattering interactions are considered. By approximating the
quantum Hamiltonian by a classical Hamiltonian, the fixed points of the system are found. The
stability analysis is performed and we found that the population imbalance between the two atomic
species will play an important role in the modulational instability of the system. It is found that
effecient photoassociation could be achieved in wider experimental parameter region with population
imbalance. The dynamics of the system is predicted with mean-field theory as well as with quantum
solution. The difference between them are found and analyzed. In addition, we give a brief discussion
on the role of the quantum statistical properties of the initial atomic condensate state on the
dynamics of the system. The time evolution of the correlation between atoms of different species are
calculated with different initial states and we found that the two species can be kept anti-correlated
under appropriate conditions. We also numerically show that quantum statistical properties of the
matter wave field changes due to the nonlinear interaction.
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I. INTRODUCTION
The creation of ultracold molecules from ultracold
atoms by the means of magnetic Feshbach resonances or
photoassociation has been the focus of experimental [1–
6] and theoretical research [7–18] during the last years.
Both ultracold degenerate Bose and Fermi atoms have
been successfully coverted into molecules. A lot of theo-
retical work have been devoted to improving the conver-
sion effeciency [7–10], studying the dynamics of the atom-
molecular coupling model [11–18] and molecular dissoci-
ation [19].
On the other hand, atomic mixtures of different
species such as two-component Bose-Einstein condensate
or Bose-Fermi mixtures are under intense attention for
their rich dynamics and the potential application in ex-
periments. It have draw much theoretical interest such
as the dynamics and Berry phase of the two-species Bose-
Einstein condensates [20–23], as well as the phonon spec-
trum and dynamical stability of Bose-Fermi mixture [24].
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Specifically, recent experiments on heteronuclear Fes-
hbach resonance [1–3] or photoassociation [4–6] have
opened up the gate to create ultracold heteronuclear
molecules with atoms of different species. Ultracold
heteronuclear molecules composed of two-species alkali
atoms such as KRb, RbCs and NaCs are successfully
created in experiments. The ultracold heteronuclear
molecules have attracted much interest for their potential
applications in the investigation of quantum computation
and fundamental symmetries.
The dynamics of heteronuclear photoassociation of
Bose atoms of different species, have not been investi-
gated in detail according to our knowledge. The only
work covering the subject [10], as we know, is focus on the
Feshbach-assisted photoassociation and does not taken
into account the s-wave scattering interactions and pop-
ulation imbalance between the atomic condensates.
In the present work we will study a simple atomic-
molecular model for interspecies photoassociation. A
general Hamiltonian which takes into account the s-wave
scattering interactions are considered. By approximate
the quantum Hamiltonian by a classical Hamiltonian, the
fixed points of the system are found. The stability analy-
sis is performed and we found that the population imbal-
ance will play an important role in the modulational in-
2stability of the system. It is found that effecient photoas-
sociation could be achieved in wider experimental param-
eter region with population imbalance. The dynamics of
the system is predicted with mean-field theory as well
as with quantum solution. The difference between them
are found and analyzed. We also give a brief discussion
on the role of the quantum statistical properties of the
initial atomic condensate state on the dynamics of the
system. The time evolution of the correlation between
atoms of different species are calculated with different
initial states and we found that the two species can be
kept anti-correlated under appropriate conditions. We
also numerically show that quantum statistical proper-
ties of the matter wave field changes due to the nonlinear
interaction.
The paper is organized as follows. In Sec. 2 we present
the model and study the dynamics with mean-field the-
ory as well as with quantum solution. By making the
classical analogue of the model, we determined the fixed
points of the system and their modulational instability is
analyzed. In Sec. 3 we discuss the quantum correlation
and statistical properties of the matter wave field during
the dynamical evolution and conclude in Sec. 4.
II. MODEL AND DYNAMICS
We consider the zero-temperature Bose-Einstein con-
densate system in which the bosonic atoms of species
1 and 2 are coupled to molecular condensate b via in-
terspecies photoassociation. The condensate of different
species interact with themselves and each other via s-
wave elastic collisions. In the formalism of the vector
quantum field theory [28], the Hamiltonian of the system
can be written as
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(4)
where ψˆi (r) are quantum field operators of different
species which obey the following equal-time commuta-
tion relations[
















= δijδ (r− r′) (5)
One can see that Hˆ0 describe the dynamics of each
condensate without interspecies interaction, Vi (r) is the
trapping potential and Ui = 4pi~
2ai/mi, where ai is the
s-wave scattering length of condensate i and ∆b > 0 cor-
responds to tuning of the laser by the energy ∆b above
the photoassociation thresold. Hˆint stand for the inter-
action between different species via s-wave elastic scat-
tering with Uij = 2pi~
2aij/Mij , where aij is the s-wave
scattering length between different species and the re-
duced mass Mij = mimj/ (mi +mj). The interspecies
photoassociation process is incorporated in Hˆcouple with
the coupling constant λ.
It is familiar that at zero temperature the field opera-
tors can be approximated as [20, 21, 29]
ψˆ1(2) (r) ≈ aˆ1(2)Φ1(2) (r) , ψˆb (r) ≈ bˆΦb (r) (6)
Insert Eq. (6) into Eq. (1) we can have






















































dr |Φi (r)|4 , χij = Uij
∫
dr |Φi (r)|2 |Φj (r)|2
(10)
One can see from Eq. (7) that without the nonlinear
terms our model will reduce to the trilinear Hamiltonian
which was used to investigate nondegenerate parametric
down-conversion in quantum optics [25, 26]. We note two
quantities are conserved by the Hamiltonian (7):
N = aˆ†1aˆ1 + aˆ
†
2aˆ2 + 2bˆ
†bˆ, D = aˆ†1aˆ1 − aˆ†2aˆ2 (11)
which accouts for the total particle number and the num-
ber difference between the two atomic species, respec-
tively. To investigate the dynamics, similar to [14], we






























has the physical meaning of nor-
malized atomic number. It should be note that the three
































where d = D/N is also a constant of motion.
With the three operators Hamiltonian (7) can be















Λ = (Λ1 + Λ2 + Λb + Λ12 − Λb1 − Λb2) /G
∆ = [δ − (d− 1/N)Λ1 + (d+ 1/N)Λ2
+(1− 1/N) Λb − (1− d) Λb1/2− (1 + d) Λb2/2] (18)
with G = g
√
2N and Λi = Nχi. The Heisenberg equa-
tion of the three operators can be derived as (with the





























Lˆz = Lˆy (19)









, from Eqs. (15) and (16), we can
see this approximation is correct once the partical num-
ber N is large enough for the safe ignoring of the terms




















































note that we have neglected the O (1/N) terms in
Eq.(20), such terms are also be neglected in ∆.
Eq. (20) can be easily solved with Runge-











= (0, 0, 1). However, to gain
insight of the dynamics, we first resort to the classical
analysis, which was frequently used to discuss the
model for the coupling of molecular condensate with
single species atomic condensate [15–17]. It is done by
replacing the quantum operators iˆ (i = a1, a2, b) by the
complex numbers
√
〈Ni〉eiϕi . By introducing two conju-
gate variables x = (N1 +N2) /N and ϕ = ϕ1 + ϕ2 − ϕb,
from Eq. (7) we can derive the canonical Hamiltonian
with the scaled time τ = Gt (in the limit of large particle
number N)




(1− x) (x2 − d2) cosϕ (21)
We note that if d = 0, Eq. (21) would have almost the
same form as the corresponding equations in [16, 17].
With nonzero d, which has the physical meaning of pop-
ulation imbalance between the two atomic species, our
model would display different dynamical properties.
The coupled canonical Hamiltonian equations for the














= ∆− Λx− d
2 + 2x− 3x2
2
√
(1− x) (x2 − d2) cosϕ (22)
The fixed points (x0, ϕ0) correspond to steady-
state solution can be found via the solution of
dx/dτ, dϕ/dτ |x0,ϕ0 = 0. In order to keep the particle
number in each mode is greater than or equal to zero,
x should be in the region [|d| , 1], and d is in the re-
gion [−1, 1]. It can be seen from Eq. (22) that with
d = 0, there exists pure molecular phase with x0 = 0.
While with nonzero d this fixed point no longer exists,
the physical meaning is very clear that atoms can not be
converted to molecular completely with population im-
balance. Besides this, there are two types of fixed points,
which is in-phase type of steady state with ϕ0 = 0 and
out-of-phase type of steady state with ϕ0 = pi. The value
of x0 can be determined by numerical solution of Eq. (22)
with the corresponding ϕ0.
4Then there comes the natural question whether the
steady states are stable, the stability analysis is per-
formed by substituting x = x0 + δx and ϕ = ϕ0 + δϕ
into Eq.(22) and omitting the terms of the order greater
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4 (1− x0) (x20 − d2)





(1− x0) (x20 − d2) cosϕ0 (24)
The modulational instability occurs when ω becomes
imaginary (ω2 < 0). The typical results from the stabil-
ity analysis based on the parameters of our interest are
summerized in Fig. 1, where the (Λ,∆) space is divided
into the stable (white) and the unstable (dark) regions.
The figures are for the in-phase fixed points, which are
symmetric to the out-of-phase fixed points with the zero
point Λ = ∆ = 0. Fig. 1(a) is for d = 0, one can see that
the instability occurs for Λ > 1 and ∆ > 1. Fig. 1(b) is
for d = 0.2 and Fig. 1(c) is for d = 0.5. We can see that
the instability is caused by collision Λ and detuning ∆,
the modulational instability of the fixed points would not
occur in the absence of them (Λ = ∆ = 0). With the in-
crease of the population imbalance, instability occurs for
larger values of Λ and ∆. To gain insight of the instabil-
ity of the fixed points, it is useful to plot the level curves
of the Hamiltonian (21). We choose the sample point
of d = 0, Λ = 2 and ∆ = 1.2 in Fig. 2(a). According
to our calculations, there are two in-phase fixed points
in this case, one is stable and the other one is unstable.
It can be seen from the figure that the unstable one is
the saddle point and the stable one is the minima. The
situation becomes more complicated for d 6= 0, for the
sample point of d = 0.2, Λ = 3 and ∆ = 2 in Fig. 2(b),
we found three in-phase fixed points, two local minima
and one saddle point. The lower minima and the saddle
point are unstable while the upper minima is stable. In
Fig. 11 we show the value of both the in-phase and out-
of-phase fixed points with respect to ∆. Fig. 3(a) is for
d = Λ = 0, it can be seen from the figure that in order
to transfer atom to molecular efficiently for the steady
state with ϕ0 = 0, one could adiabatically tune ∆ from
a high negative value to a positive value. For the steady
state of ϕ0 = pi ∆ should vary in an opposite direction.
It should be note that steady state solution with ϕ0 = 0
does not exist for ∆ > 1, and for ϕ0 = pi it does not exist




























FIG. 1: Stability diagram for the in-phase fixed points in (Λ,∆)
space. (a) d = 0; (b) d = 0.2; (c) d = 0.5.
for ∆ < −1. This means that inappropriate tuning of ∆
may cause ditrimental effect to the conversion efficiency.
Similar results was also discussed in [15]. Fig. 3(b) is
for d = 0.2 and Λ = 1, one can see that although not
all atoms can be adiabatically transferred to molecular
due to population imbalance, steady state solution exist
in a much wider range of ∆ for both the in-phase and
out-of-phase fixed points. This means we could achieve
efficient heteronuclear photoassociation in wider experi-
mental parameter region with population imbalance. All
of the results above are in the stable region. In the
following we would like to focus on the dynamics in the
stable region (Λ > 0,∆ = 0). In Fig. 4 the value of x0
of the in-phase steady state is plotted with respect to Λ
and d. The results are obtained by numerical solution
of the nonlinear equation (22). The configuration of the
out-of-phase fixed points is symmetric with Fig. 4 with
respect to Λ = 0 so we do not plot it here. Two re-
sults can be drawed from the figure: (1) the larger d is,
the larger x0. This is quite clear that more atoms will
be remained with larger population imbalance. (2) the
larger Λ is, the larger x0. From Eq. (18) we can see
that Λ estimates the strength of nonlinear collision, so
this nonlinearity induced localization of atom population
is analogous to the self-trapping in two component BEC
[27]. Since our dynamics starts from x = 1, it can be
predicted that the dynamical evolution will become more
localized with increasing Λ and d. In Fig. 5(a) we solve
Eq. (20) with ∆ = d = 0, N = 2000 and different values


















FIG. 2: Level curves of the Hamiltonian (a) d = 0, Λ = 2 and
∆ = 1.2; (b) d = 0.2, Λ = 3 and ∆ = 2.
of Λ. Since the nonlinear collision parameters are kept
unknown to us, throughout this paper we would choose
χ1 = χ2 = χ12 = χ, χb = 2χ and χb1 = χb2 = −1.5χ.
The time evolution of the normalized molecular popu-
lation is plotted with χ/g = 0 (Λ = 0), χ/g = 10−3
(Λ = 0.1789), χ/g = 3 × 10−3 (Λ = 0.5367) as well as
χ/g = 6 × 10−3 (Λ = 1.0733). One can see that with
Λ = 0, our system would evolve into the pure molecu-
lar phase. With the increase of the nonlinear interaction
strength, molecular population will exhibit periodic oscil-
lation, the oscillation frequency become higher and the
amplitude become smaller. This means that the non-
linearity induce periodic conversion between atoms and
molecular, it will also lead to self-trapping in the atomic
condensate. In Fig. 5(b) we found quantum solution
by diagonalize the Hamiltonian (7) and start from the
initial state |(N +D) /2〉1 |(N −D) /2〉2 |0〉b, the param-
eters are the same as that in Fig. 5(a). We found that in
short time range the classical solution and the quantum
solution are in good agreement. The quantum solution
deviate from the classical solution in the sense that they
exhibit damped oscillation, which is in analogy with a
two-mode system coupled to an external reservoir. In
Fig. 6 (a) and (b) we show classical and quantum so-
lution for Λ = 0.1789, N = 2000 and different values
of d. One can see that increasing d and increasing Λ
have almost the same effect on the dynamics of the sys-
tem, just as we have predicted in the previous discus-
sion. Note that all the above parameters are chosen in






















FIG. 3: Diagram of the value of x0 at the fixed points versus ∆.
The solid and dashed line corresponds to the in-phase (ϕ = 0) and






















FIG. 4: Contour plot of the in-phase fixed points x0 with respect
to Λ and d.
the steady region. Since it has been argued that in the
process of Raman photoassociation of Bose Einstein con-
densates the quantum statistical properties of the initial
state will play an important role [18], we would also like
to give a brief discussion here. We calculate the quan-
tum solution with the initial coherent state |α〉1 |β〉2 |0〉b
as well as the Fock state, make their mean particle num-
ber equal to each other. In Fig. 7(a) the results for Fock
state is presented, with 10 atoms in both species of the
atomic condensate and χ/g = 0.1. It can be seen from
the figure that the molecular population exhibits oscilla-








































FIG. 5: Time evolution of the normalized molecular population
for N = 2000 and d = 0. Λ = 0 (solid line), 0.1789 (dash line),
0.5367 (dot line) and 1.0733 (dash dot line) (a) mean-field solution.
(b) quantum solution.








































FIG. 6: Time evolution of the normalized molecular population
for N = 2000 and Λ = 0.1789. d = 0 (solid line), 0.2 (dash line),
0.5 (dot line) and 0.8 (dash dot line) (a) mean-field solution. (b)
quantum solution.
tion with periodically varying amplitude. This deviates
from the mean-field prediction for our partical number
is small and mean-field theory is valid in the large par-
ticle number limit. In Fig. 7(b) we present the result
with the coherent state and α = β =
√
10, it display
quanlitatively different behavior with the Fock state by
periodically collapse and revival, which means the quan-
tum statistical properties of the initial state really affect
the dynamics of the system. In Fig. 8 we give the result













































FIG. 7: Time evolution of the normalized molecular population
for χ/g = 0.1 (a) Fock state with N = 20 and d = 0. (b) Coherent
state with α = β =
√
10.
with mean particle number in both species of the atomic
condensate 100. The solid line is the result from the
mean-field theory, dashed line is the quantum solution
with initially the Fock state and the dotted line symbol-
ize the coherent state. One can see that the result from
the Fock state and the coherent state display similar be-
havior, they deviate from the mean-field prediction with
damping oscillation. The damping speed for the coherent
state is faster than the Fock state and their phase coin-
cide well. For numerical limitations we could not perform
calculation with larger particle number. However as pre-
dicted in [18], for the zero-dimensional model, in their
stochastic modeling with thousands of particle numbers,
the result for coherent state and Fock state are almost
indistinguishble. This means quantum statistical proper-
ties play less role as the partical number increases. The
larger the particle number is, the system behaves more
classically.
III. QUANTUM CORRELATION AND
STATISTICAL PROPERTIES
We are specifically interested in the case that initially
the atomic condensate of different species are prepared
in the SU (2) coherent state, which is a minimum un-
certainty state with well-defined relative phase between
the two species and can be experimentally created under
suitable conditions [23]. The SU (2) coherent state can

























FIG. 8: Time evolution of the normalized molecular population for
χ/g = 0.01 with mean-field prediction (solid line); Quantum solu-
tion with Fock state and N = 200, d = 0 (dashed line); Quantum
solution with coherent state and α = β = 10 (dotted line).
















× ei(N−n)φ |n〉1 |N − n〉2 (25)
where the parameter θ fixes the particle number in each
species and φ describes the relative phase between the
two species. The mean population imbalance 〈D〉 =
N cos θ and we take φ = 0 in this paper for simplicity. In
the case of 〈D〉 = 0 we studied the molecular dynamics
with an initial SU (2) coherent state as well as the Fock
state, which shows little difference. This means that the
molecular dynamics mainly depends on the mean parti-
cle number of each atomic species. It will be interesting
to investigate the joint quantum statistical properties of
the atoms of different species for initially there exist anti-
correlation between them as can be seen from Eq. (25).









12 = 1, the two species are uncorrelated; g
(2)
12 > 1
for correlation and g
(2)
12 < 1 for anti-correlation. In Fig. 9
we present the time evolution of g
(2)
12 under different non-
linear interaction parameters, both for the Fock state and
the SU (2) coherent state. From the figure one can see
that correlation will always be developed between the
two atomic species in the case of the Fock state. The
correlation function for the SU (2) coherent state will be
less than that for the Fock state during the time evolu-
tion. With increasing the nonlinear interaction param-
eters, the value of g
(2)
12 will decrease. Especially in Fig.
9(c), g
(2)
12 will always be less than 1 for the SU (2) co-
herent state during time development, which means the
two atomic species are kept anti-correlated. It is con-
venient to study the quantum statistitical properties of























































FIG. 9: Time evolution of the correlation function g(2)12 for N =
200, D = 0 and (a) χ/g = 0; (b) χ/g = 0.01 and (b) χ/g = 0.03 for
the Fock state (solid line) and the SU (2) coherent state (dashed
line).
the matter wave field during dynamical evolution with
the help of the phase-space quasiprobability distribution
function [30, 31]. Here we introduce the Q function to
describe the probability distribution of a quantum state
of the matter wave field in phase space. The Q function





where ρi is the reduced density operator of the i mode.
We numerically simulate the Q function for the atomic
mode and molecular mode with different initial states.
The results are shown in Fig. 10 and Fig. 11. Fig.
10 gives the Q function for the atoms initially in the
Fock state. For the Fock state does not have definite
phase, one can see that the Q function always have the
configuration of circular stripe, whose diameter changes
with time development. Physically it corresponds to the
exchange of particle numbers between the atomic and
molecular mode. The case for the atoms initially in the
coherent state is shown in Fig. 11. It is interesting to
note that the shape of the contours are squeezed in some
direction during time evolution. This means that the
quantum fluctuations in the coherent matter wave field
are redistributed in phase space due to the nonlinear in-
teraction. The nonlinear terms in the Hamiltonian in-
duce the self-phase and mutual-phase modulation of the






















































FIG. 10: Contours of the Q function of the atomic field (a)(c)(e)
and molecular field (b)(d)(f) for the atoms are initially in the Fock
state. The parameters are chosen as N = 100, D = 0, χ/g = 0.01
and for different time (a)(b) τ = 0; (c)(d) τ = 3.2 and (e)(f)
τ = 6.5.
matter wave field. The case for the SU (2) coherent state
is very similar to that of the Fock state so we do not dis-
play it here.
IV. CONCLUSION
In conclusion, we have studied the dynamics of het-
eronuclear photoassociation of ultracold Bose atoms.
Starting from the Hamiltonian (1), we derive the quan-
tum Hamiltonian (7). We use the classical Hamiltonian
(21) as an approximation to find the fixed points of the
system and perform the stability analysis. It was found
that population imbalance D between the two atomic
species play an important role in the dynamics of the
system. With larger D, the system would be more likely
to be subject to modulational instability. The quan-
tum Hamiltonian (7) is solved under the mean-field ap-
proximation in the limit of large particle numbers, the
quantum solution is also presented. The difference be-
tween the two solutions are found and analyzed, we found
that the population imbalance D play similar role as the
nonlinear parameter Λ. The effect of the quantum sta-
tistical properties of the initial atomic state is consid-
ered, it would affect the dynamics greatly with relativily
small particle numbers. With the increasing of the parti-






















































FIG. 11: Similar to Fig. 10 except that the atoms are initially in
the coherent state with α = β = 5
√
2.
cle number the system behaves more classically and the
quantum statistical properties of the initial state play
less important role. The intensity correlation function
for the initial SU (2) coherent state are calculated, the
two atomic species can be kept anti-correlated with ap-
propriate parameters. We also numerically show that
quantum statistical properties of the matter wave field
changes due to the nonlinear interaction.
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